Abstract. We provide, in the spirit of [10] , new conditions under which a C * -algebra has a nonzero center. We also present an example of a separable AF algebra with center {0} but whose all the primitive ideals are modular, thus answering a question from [10] .
Introduction
Clearly every primitive ideal of a C * -algebra A that does not contain the center of A is modular. It is also obvious that the set of all these ideals is open in Prim(A).
Thus, if the center of A is nonzero, the set of its modular primitive ideals has a nonempty interior in Prim(A). The main purpose of [10] is an investigation of the Here we treat conditions which ensure that a C * -algebra whose all its minimal primal ideals (the definition follows) are modular has a nonzero center. In particular we treat the case of a postliminal algebra. In section 3 we give an example of a postliminal AF algebra with zero center whose all primitive ideals are modular.
This answers a question of Delaroche, [10, p. 126] .
By the term ideal we shall mean everywhere a two sided closed ideal. Id(A)
will denote the collection of all the ideals of the C * -algebra A. For I ∈ Id(A)
we shall let θ I : A → A/I be the quotient map. On Id(A) we shall consider a compact Hausdorff topology; a net {I α } converges to I in this topology if and only if θ Iα (a) → θ I (a) for every a ∈ A, see [2] for more on this topology.
If it is not mentioned otherwise, Id(A) and its subsets will be endowed with this topology. However, on the primitive ideal space of A, denoted Prim(A), we shall always work with the usual Jacobson topology. A primal ideal I of a C * -algebra A is defined by the following property: whenever I 1 , . . . I n , n ≥ 2, are ideals of A such that I 1 · I 2 · · · I n = {0} then I k ⊆ I for some k. Every prime (in particular every primitive) ideal is primal and by using Zorn's lemma one sees that every primal ideal must contain a minimal primal ideal. The collection of all the minimal primal ideals of A is denoted by Min-Primal(A). See [2] and the references given there about primal ideals.
Two primitive ideals P , Q of the C * -algebra A are said to be equivalent if
Each equivalence class is the hull of an ideal called a Glimm ideal of A; the collection of these ideals is denoted Glimm(A) and the quotient map φ A : Prim(A) → Glimm(A) is called the complete regularization map, see [3] . Glimm(A) will be considered with its quotient topology induced by this map.
The following lemma is an immediate consequence of the Dauns-Hofmann theorem and the definition of the Glimm space so we omit its proof.
Lemma 1.1. Let A be a C * -algebra, a ∈ A and f : Glimm(A) → C a bounded continuous function. Then there exists a unique
for every G ∈ Glimm(A).
An ideal I is called semi-Glimm if it contains a Glimm ideal; this Glimm ideal is necessarily unique since its hull must contain the hull of I. Obviously every Glimm ideal is semi-Glimm and every proper primal ideal is semi-Glimm by [3, Lemma 2.2]. We set S − Glimm(A) for the family of all the semi-Glimm ideals of A and we let ψ A be the map that takes each I ∈ S − Glimm(A) to the Glimm ideal it contains. A family F of ideals of the C * -algebra A is called sufficiently large if
For AF algebras we use the terminology of [9] and some which is self-explanatory but formalized in [13] 
Non trivial centers
Observe that if a, b, f are as above and
where J := ψ A (I), as follows from the canonical isomorphism of A/I with (A/J)/(I/J).
The proof of the following theorem is a variant of the proof of [1, Theorem 3.7] .
Recall that Glimm(A) is considered with its quotient topology which in the presence of a countable approximate identity is completely regular by [12, Theorem 2.6]. Proof. With I ∈ S we shall denote by 1 I the unit of A/I. If A has a unit there is nothing to prove; otherwise let 1 be the unit of M (A), the multiplier algebra
by adjoining a unit to A. Lettingθ I :Ã → A/I to be the obvious extension of θ I , I ∈ S, we have
We infer that the function I → λ1 I + θ I (a) is lower semi-continuous on S. Thus {I ∈ S | λ1 I + θ I (a) ≤ α} is a closed subset of S for every α > 0.
Let now {u n } be a positive countable approximate unit of A. Clearly lim n→∞ θ I (u n ) = 1 I for every I ∈ S hence
Since S is a Baire space, there must be a natural number n 0 such that the closed
A (S), and g : Glimm(A) → [0, 1] a continuous function that satisfies g(J 0 ) = 1 and g(J) = 0 for J / ∈ U. With b ∈ A given by Lemma 1.1 for a and g, i.e.
and J := ψ Sc A (I) we have θ I (b) = g(J)1 I . Consequently θ I (bc − cb) = 0 for every I ∈ S and every c ∈ A.S is sufficiently large hence b is in the center of A. Now for Then A has a non-zero center.
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Proof. For every a ∈ A and α > 0 we have Indeed, suppose I ∈ Min-Primal(A) and g(ϕ A (I)) > 0. With P a primitive ideal that contains I we have P ⊇ I ⊇ ϕ A (I) hence
Thus P ∈ Prim(J) so I cannot contain J which means I ∈ V. Theorem 2.1 implies that A has a non-zero center. Lemma 2.5 and Proposition 2.3 yield the conclusion.
Examples
The first example is a C * -algebra A that satisfies the conditions of Proposition 2.6 for which φ A is not open.
Example 3.1. We adapt a construction from [8, Example III.9.2]. We denote by K(H) the ideal of all the compact operators on a separable Hilbert space H and by B the C * -algebra generated by K(H) and the identity operator of H. A is the C * -algebra of all the continuous functions f :
with respect to a fixed orthonormal basis {e n } ∞ n=1 of H whenever 0 ≤ t ≤ 1. Thus f (t), 0 ≤ t ≤ 1, can be represented in the chosen basis by diag(f 1 (t), f 2 (t), . . . ) where f n are scalar valued continuous functions. Put f ∞ (t) := lim n→∞ f n (t), 0 ≤ t ≤ 1; f ∞ is a scalar valued continuous function too.
Clearly A is a separable postliminal algebra. Its primitive ideals are: P (t) := {f ∈ A | f (t) = 0}, Q(t) := {f ∈ A | f (t) ∈ K(H)} for −1 ≤ t < 0 and R(t, n) := {f ∈ A | f n (t) = 0} for 0 ≤ t ≤ 1, 1 ≤ n ≤ ∞. We are going now to list a neighbourhood basis for each kind of kind of primitive ideal:
• for P (t 0 ), −1 ≤ t 0 < 0, the family of all the sets {P (t) | t ∈ (t 0 − η, t 0 + η) ∩ [−1, 0)}, with η > 0,
• for Q(t 0 ), −1 ≤ t 0 < 0, the family of all the sets
• for R(0, n 0 ), 1 ≤ n 0 < ∞, the family of all the sets {P (t) | −η < t < 0} ∪ {R(t, n 0 ) | 0 ≤ t < η}, with 0 < η < 1,
• for R(0, ∞), the family of all the sets {P (t) | −η < t < 0}∪{Q(t) | −η < t < 0} ∪ {R(t, n) | 0 ≤ t < η, n 0 < n ≤ ∞}, with 0 < η < 1 and 1 ≤ n 0 < ∞,
• for R(t 0 , n 0 ), 0 < t 0 ≤ 1, ! ≤ n 0 < ∞, the family of all the sets {R(t, n 0 ) | t ∈ (t 0 − η, t 0 + η) ∩ (0, 1]}, with η > 0,
• for R(t 0 , ∞), 0 < t 0 ≤ 1, the family of all the sets {R(t, n) | n > n 0 , t ∈ The minimal primal ideals of A are P (t) for 1 ≤ t < 0, G := ∩{R(0, n) | 1 ≤ n ≤ ∞}, and R(t, n) for 0 < t ≤ 1, 1 ≤ n ≤ ∞ and every one is modular. These are also the Glimm ideals of A. Now, an open neighbourhood of G in Glimm(A) must contain a set of the form {P (t) | −η < t < 0} ∪ {G} ∪ {R(t, n) | 0 < t < η, 1 ≤ n ≤ ∞} for some η ∈ (0, 1) and one easily sees that φ A is not open. On the other hand, all the hypotheses of Proposition 2.6 are fulfilled. We remark also that Prim(A) is not quasi-separated so Proposition 14 of [10] cannot be applied to A.
As promised in the introduction we present now a postliminal (separable) AF algebra whose all primitive ideals are modular but with center reduced to {0}.
As a matter of fact all the minimal primal ideals of this algebra are modular so the hypothesis made on the primitive ideal space in Proposition 2.6 cannot be eliminated. follows. In it the first vertex of the connected sequence a 1 should be thought at the level 1 while the first vertex of the connected sequence a n should be imagined at the level 1 + 2(n − 1). By direct examination one finds that the primitive quotients of A have one of the following diagrams: {a n }, {a n , b n }, {a n , c n , d n , e n }, {d n }, {e n }, {e n , f n }, {e n , g n , h n , a n+1 }, {h n }, n = 1, 2, . . . . We shall denote the primitive ideals determined by the complementary diagrams by P n , Q n , R n , S n , T n , U n , V n , W n , n = 1, 2, . . ., respectively. It is obvious that the diagrams of the primitive quotients are diagrams of unital AF algebras hence all the primitive ideals of A are modular.
Moreover all the quotients of A by its minimal primal ideals are modular. Indeed, by [6, Theorem 2.1] an ideal I of an AF algebra is primal if and only if its associated diagram D I has the property that every finite set of vertices not in D I has a common descendant in the diagram of the algebra. It is then easily seen that all the diagrams of the quotients of A by the minimal primal ideals are {a n , b n }, {a n , c n , d n , e n }, {e n , f n }, {e n , g n , h n , a n+1 }, n = 1, 2, . . . and all these quotients have units.
Now we are going to show that there are no nonzero elements in the center of A. To this end we prove that every real valued continuous function on Prim(A) is constant. First remark that by the definition of the hull-kernel topology of the primitive ideal space we have:
{P n } = {P n }, {Q n } = {Q n , P n }, {R n } = {R n , P n , S n , T n }, {S n } = {S n }, {T n } = {T n }, {U n } = {U n , T n }, {V n } = {V n , T n , W n , P n+1 }, {W n } = {W n }.
Let f : Prim(A) → R be a continuous function and suppose f (P 1 ) = · · · = f ((P n ) = α. Then by the above equalities we must have α = f (P n ) = f (Q n ) = f (R n ) = f (S n ) = f (T n ) = f (U n ) = f (V n ) = f (W n ) = f (P n+1 ) and we conclude that f is a constant function. We gather from the Dauns-Hofmann theorem that the center of the multiplier algebra of A consists only of the scalar multiples of the unit. On the other hand, A has no unit by [13, Proposition 2.13] and we are done.
